Magnetic point sources in three dimensional Brans-Dicke gravity theories 
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We obtain geodesically complete spacetimes generated by static and rotating magnetic point 
sources in an Einstein-Maxwell-Dilaton theory of the Brans-Dicke type in three dimensions (3D). 
The theory is specified by three fields, the dilaton ci, the graviton g^ v and the electromagnetic field 
F^", and two parameters, the cosmological constant A < and the Brans-Dicke parameter uj. For 
uj — ±oo, our solution reduces to the magnetic counterpart of the BTZ solution, while the ui — 
case is equivalent to 4D general relativity with one Killing vector. The source for the magnetic field 
can be interpreted as composed by a system of two symmetric and superposed electric charges. One 
of the electric charges is at rest and the other is spinning. 

PACS numbers: 04.70.-s,0440.-b 



I. INTRODUCTION 

The issue of spacetimes generated by point sources 
in three dimensional (3D) Einstein theory has been ob- 
ject of many studies (for reviews see (l]]-||). In 1963, 
Staruszkiewicz Q has begun the analysis of gravity with- 
out cosmological constant (A = 0) in 3D coupled to a 
static massive point source. The corresponding space 
has a conical geometry, i.e., it is everywhere fiat except 
at the location of the point source. The space can be ob- 
tained from the Minkoswki space by suppressing a wedge 
and identifying its edges. The wedge has an opening an- 
gle which turns to be proportional to the source mass. 
Gott and Alpert || and Giddings, Abbot and Kuchaf 
have studied several features of Einstein gravity in 3D, 
including the non-existence of the Newtonian limit and 
the presence of a conical geometry. Deser, Jackiw and 
t' Hooft have generalized the analysis of [Q in order 
to find the spacetime solutions generated by an arbitrary 
number of static massive point sources. Once more the 
geometry is conical with a wedge angle suppressed at each 
source proportional to its mass. They have also con- 
structed the solution corresponding to a massless spin- 
ning point source in 3D Einstein gravity with A = 0. The 
extension to include massive spinning sources has been 
achieved by Clement ||. Their results indicate that (be- 
sides the conical geometry already present in the spinless 
case) the spacetime can be seen as characterized by an 
helical structure since a complete loop around the source 
ends with a shift in time proportional to the angular mo- 
mentum. 

In the context of Einstein-Maxwell theory but still with 
A = 0, Deser and Mazur Q| and Gott, Simon and Alpert 
|Tof have found the solutions produced by electric charged 
point sources. These spacetimes once more have a con- 
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ical geometry with an helical structure. Barrow, Burd 
and Lancaster |ll[ found the horizonless spacetime gen- 
erated by a magnetic charged point source in a A = 
background. Melvin jl^] also describes the exterior solu- 
tion of electric and magnetic stars in the above theory. 

3D static spacetimes generated by open or closed one- 
dimensional string sources with or without tension (in a 
A = background) have been constructed by Deser and 
Jackiw jn|. The extension to the rotating string source 
has been done by Grignani and Lee |H and by Clement 
p"5| . Other exact solutions in 3D gravity theory produced 
by extended and stationary sources have been found by 
Menotti and Seminara p6| . 

One of the alternative theories to Einstein gravity in 
3D is the topological massive gravity which includes the 
Chern-Simmons term and has been proposed by Deser, 
Jackiw and Templeton [ fl7| . The spacetimes generated 
by point sources in this theory have been obtained by 
Carlip |T| and Gerbert fT|. 

The spacetimes generated by point sources in 3D Ein- 
stein gravity with non-vanishing cosmological constant 
(A 7^ 0) have been obtained by Deser and Jackiw p(J 
and by Brown and Henneaux pjj . In the de Sitter case 
(A > 0) there is no one-particle solution. The simplest 
solution describes a pair of antipodal particles on a sphere 
with a wedge removed between poles and with points on 
its great circle boundaries identified. In the anti-de Sit- 
ter case (A < 0), the simplest solution describes a hyper- 
boloid with a wedge removed proportional to the source 
mass located at the vertex of the wedge. For A > there 
are no other interesting solutions with electromagnetic 
and other fields, as far as we know. On the other hand, 
for A < there is a bewildering variety of solutions. The 
black hole solution in 3D Einstein gravity with A < has 
been found by Banados, Teitelboim and Zanelli |2^] . The 
extension to include a radial electric field has been done 
by Clement [ p3[ | and Martinez, Teitelboim and Zanelli 
|24j and the inclusion of an azimuthal electric field has 
made by Cataldo (^5|. Here, we dedicate a special at- 
tention to the solutions of an Einstein-Maxwell-Dilaton 



2 



action of the Brans-Dicke type in a A < background. 
The static uncharged solutions of this theory were found 
and analyzed by Sa, Kleber and Lemos p6| ] and the an- 
gular momentum has been added by Sa and Lemos [B7[ . 
The uncharged theory is specified by two fields, the gravi- 
ton g M „, the dilaton (p, and two parameters, the Brans- 
Dicke parameter lo and the cosmological constant A. The 
pure electrically charged theory is specified by the extra 
electromagnetic field and was analysed by Dias and 
Lemos in |2^]. This Brans-Dicke theory contains seven 
different cases and each lo can be viewed as yielding a dif- 
ferent dilaton gravity theory. For instance, for lo = one 
gets a theory related (through dimensional reduction) to 
4D General Relativity with one Killing vector [^9[ ||(J 
and for lo = ±oo one obtains 3D General Relativity ana- 
lyzed in [^2| ^||, |24| . For a review on other 3D theories, 
specially on black hole solutions, see 0, 

In this paper we are interested in pure magnetic so- 
lutions with A < 0. The static magnetic counter par t 
of the BTZ solution has been found by Clement p3[ , 
Hirschmann and Welch ^] and Cataldo and Salgado 
p3[ . This spacetime generated by a static magnetic 
point source is horizonless and reduces to the 3D BTZ 
black hole solution of Bahados, Teitelboim and Zanelli 
p2| when the magnetic source vanishes. The exten- 
sion to include rotation, definition of conserved quan- 
tities, upper bounds for the conserved quantities and 
an interpretation for the source of magnetic field has 
been made by Dias and Lemos [Q. Kiem and Park 
|pH , Park and Kim |Q and Koikawa, Maki and Naka- 
mula |37j] have found magnetically charged solutions of 
Einstein-Maxwell-dilaton theories. Many authors have 
also found self-dual and anti— self-dual charged solu- 
tions of Einstein-Maxwell |3£| , Einstein-Maxwell-dilaton 
and Einstein— Maxwell— Chern-Simons [p9[ theories in 
3D (For a complete review see e.g. [^5[ |28|) 

The aim of this paper is to find and study in detail 
the static and rotating magnetic charged solutions gener- 
ated by a magnetic point source in the Einstein-Maxwell- 
Dilaton action of the Brans-Dicke type mentioned above. 
In this sense it is a follow up of our previous paper |2^| 
on pure electric solutions. Here, we impose that the 
only non-vanishing component of the vector potential is 
A^ir). For the lo = ±oo case, our solution reduces to 
the spacetime generated by a magnetic point source in 
3D Einstein-Maxwell theory with A < 0, studied in p3| , 
[^2|-[|^|. The lo = case is equivalent to 4D general 
relativity with one Killing vector analysed by Dias and 
Lemos @. 

The plan of this article is the following. In Section II 
we set up the action and the field equations. The static 
general solutions of the field equations are found in sec- 
tion III and we analyse in detail the general structure of 
the solutions. The angular momentum is added in section 
IV and we calculate the mass, angular momentum, and 
electric charge of the solutions. In section V we give a 
physical interpretation for the origin of the magnetic field 
source. Finally, in section VI we present the concluding 
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II. FIELD EQUATIONS OF 
BRANS-DICKE MAXWELL THEORY 

We are going to work with an action of the Brans- 
Dicke— Maxwell type in 3D written in the string frame 
as 

S = ^J d 3 xV=g~e- 24> [R - Md<f>) 2 + A + F^F^] , 

(1) 

where g is the determinant of the 3D metric, R is the 
curvature scalar, F M „ = d v A^ — d^Ay is the Maxwell 
tensor, with A^ being the vector potential, cf> is a scalar 
field called dilaton, lo is the 3D Brans-Dicke parameter 
and A is the cosmological constant. Varying this action 
with respect to g^ v , A^ and (j) one gets the Einstein, 
Maxwell and dilaton equations, respectively 



-G^ - 2(w + 1)V M 0V„<£ + V M V„tf> - svV 7 VV 

+ (lo + 2). 9ai „V 7 0V^ - i ffA1 „A = |T M „, (2) 

V^er^F^) = , (3) 
R - 4wV 7 VV + 4wV 7 0V> + A = -F 7<T F 7<T , (4) 

where G A ,„ = i? M „ — \g^, v R is the Einstein ten- 
sor, V represents the covariant derivative and = 
^(g^F^F va - \g^F ia F~<°) is the Maxwell energy- 
momentum tensor. 



III. GENERAL STATIC SOLUTION. ANALYSIS 
OF ITS STRUCTURE 

A. Field equations 

We want to consider now a spacetime which is both 
static and rotationally symmetric, implying the existence 
of a timelike Killing vector d/dt and a spacelike Killing 
vector d/dip. We will start working with the following 
ansatz for the metric 



ds 2 = 



2 2 j,2 

y r dt 



-dip 2 



(5) 



where the parameter a 2 is, as we shall see, an appropri- 
ate constant proportional to the cosmological constant 
A. It is introduced in order to have metric components 
with dimensionless units and an asymptotically anti-de 
Sitter spacetime. The motivation for this choice for the 
metric gauge \gu oc — r 2 and {grr)^ 1 oc <? w ] instead of 
the usual "Schwarzschild" gauge [(g r r) _1 = —gtt and 
g V tp = r 2 ] comes from the fact that we are looking for 
magnetic solutions. Indeed, let us first remember that 
the Schwarzschild gauge is usually an appropriate choice 



3 



when we are interested on electric solutions. Now, we fo- 
cus on the well known fact that the electric field is asso- 
ciated with the time component, A t , of the vector poten- 
tial while the magnetic field is associated with the angu- 
lar component A v . From the above facts, one can expect 
that a magnetic solution can be written in a metric gauge 
in which the components gu and g vv interchange their 
roles relatively to those present in the "Schwarzschild" 
gauge used to describe electric solutions. This choice will 
reveal to be a good one to find solutions since the dilaton 
and graviton will decouple from each other on the fields 
equations © and (|). However, as we will see, for some 
values of the Brans-Dicke parameter to it is not the good 
coordinate system to interpret the solutions. 

We now assume that the only non-vanishing compo- 
nents of the vector potential are A t (r) and A„(r), i.e., 



where Xm is an integration constant which measures the 
intensity of the magnetic field source. To proceed we shall 
first consider the case Adding equations (||) and 

@ yields <^ rr = 2(uj + l)((f>_ r ) 2 , and so the dilaton field 
is given by 



-2<fi 



(ar)~ 



(14) 



A = A t dt + A^dtp . 



(6) 



where a is a generic constant which will be appropri- 
ately defined below in equation (|l9|). The 1-form vector 
potential A = A^ir^dx^ is then 

A = -^Xm(w + l)(cw)-=TTtfy>, cjjt-l. (15) 

Replacing solutions (|l^)-(|l^) into equations 

allows us to find the function for uo ^ 

{—2, —3/2,-1}; id = — 2 and u> = —3/2, respectively 



This implies that the non-vanishing components of the 
anti-symmetric Maxwell tensor are F tr and F rlp . Use of 
metric (0) and equation @ yields the following set of 
equations 



e Mr) = (ar )2 + 



(f> v rr + 2(/) jr /X jr — (w + 2)(0. r ) 2 — 



fl.r 



- (^ r ) 2 + -Ae" 2 " 



tv e 



-2/( 



= >M _ ^ 1 _^. lnr J r 2_ 6r) 
3 2 M (r) = r 2 [-A\n(br) - xlr 2 } , 



(16) 

(17) 
(18) 



-T ti 



2a 2 

0,r f , ^2 , M,r 1 a -2a 71 ™ 

r zr 4 2 



^-(c + 2)(^) 2 -^ + ^A e -^ 

r 2r 4 



<p<p ' 



= f Ttv 



6 ^ Ff r F(p r j 



(7) 
(8) 

(9) 
(10) 



where 6 is a constant of integration related with the mass 
of the solutions, as will be shown, and k = ^t 1 ] „s . For 
u) 7^ —2, —3/2, —1 a is defined as 



(w + 1)A 



(w + 2)(2w + 3) 



(19) 



where jr denotes a derivative with respect to r. In addi- 
tion, replacing the metric (||) into equations (|^) and (Q) 
yields 



9 r [e" 2<#, r(^ tr + F vr )] = 0. 



(11) 



For a; = —2, —3/2 we set a = 1. For w = — 2 equations 
(0) and (§) imply A = -;&/8. 

Now, we consider the case w = — 1. From equations 
(f7|)-(|l2|) it follows that (j, = Cx, <fi = C2, where C\ and 
C2 are constants of integration, and that the cosmological 
constant and magnetic source are both zero, A = = Xm- 
So, for to = — 1 the metric gives simply the 3D Minkowski 
spacetime and the dilaton is constant, as occurred in the 
uncharged case ^(| . 

Now, we must analyse carefully the radial depen- 
dence of the e 2M ( r ' function defined in equations (|l6|)- 
(U|) which, recall, is related to the metric components 
B. The general static solution. Causal structure through the relations g rr = e~ 2/i and g vv — e 2 »/a 2 . The 



uJ(j 



1 X 1 < ^ > ' r (± \2 1 M,r . M,rr 
2u!lp r Ll r +UJ OJUp r ) H 1 — 

r r 2 

-( M , r ) 2 - \ke- 2 » = I e - 2 ^F 7ff . (12) 



Equations (|7|)-(|l^) are valid for a static and rotation- 
ally symmetric spacetime. One sees that equation ( |lCi| ) 
implies that the electric and magnetic fields cannot be 
simultaneously non-zero, i.e., there is no static dyonic 
solution. In this work we will consider the magnetically 
charged case alone {A t = 0, A v ^ 0). For purely electri- 
cally charged solutions of the theory see . So, assum- 
ing vanishing electric field, one has from Maxwell equa- 
tion (lil]) that 



Xn 



4a 2 



(13) 



shape of the e 2 ^^ function depends on the values of the 
Brans-Dicke parameter u> and on the values of the param- 
eter b (where b is r elated to the mass of the solution as we 
shall see in section 1VB). Nevertheless, we can group the 
values of ui and b into a small number of cases for which 
the e 2 ^'* 1 function has the same behavior. The general 
shape of the e 2f1 ^ function for these cases is drawn in 
the Appendix. Generally, the e 2fl ^ function can take 
positive or negative values depending on the value of the 
coordinate r. However, when e 2 ^^ is negative, the met- 
ric components g rr = e~ 2/i and g vv = e 2fJ, /a 2 become 
simultaneously negative and this leads to an apparent 
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change of signature from +1 to —3. This strongly indi- 
cates that we are using an incorrect extension and that we 
should choose a different continuation to describe the re- 
gion where the change of signature occurs (3^, [ll| . More- 
over, analysing the null and timelike geodesic motion we 
conclude that null and timelike particles can never pass 
through the zero of e 2 ^^ , r + (say) , from the region where 
g rr is positive into the region where g rr is negative. This 
suggests that one can introduce a new coordinate system 
in order to obtain a spacetime which is geodesically com- 
plete for the region where both g rr and g w are p ositive 
p2| , That is our next step. Then, in section III C , 
we will check the completeness of the spacetimes. The 
Brans-Dicke theories can be classified into seven different 
cases that we display and study below. 



(i) Brans-Dicke theories with — 1 < u) < +oo 

The shape of the e 2 ^* 1 function is drawn in Fig. 1(a). 
We see that for < r < r + (where r+ is the zero of 
g 2 ^)) g rr anc [ g become simultaneously negative and 
this leads to an apparent change of signature. One can 
however introduce a new radial coordinate p so that the 
spacetime is geodesically complete for the region where 
both g rr and g vtp are positive, 



2 2 2 

p = r — r\ 



(20) 



With this coordinate transformation, the spacetime gen- 
erated by the static magnetic point source is finally given 
by 



ds l 



a 2 r 2 (p)dt J 



P 



1 



r2 (p) f{p) 



dp 2 + Md^, (21) 



where < p < oo, and function f(p), which is always 
positive except at p — where it is zero, is given by 



f(p) = 



a 2 r 2 (p) 



k xl 



v 2 7-2 



(p)} 



2(" + l) 



2 (P)P 



(22) 



Along this section fll B , in cases (i) and (iii) we will use 



the definition r 2 (p) = p 2 



in order to shorten the 



formulas. This spacetime has no horizons and so there 
are no magnetic black hole solutions, only magnetic point 
sources. In three dimensions, the presence of a curvature 
singularity is revealed by the scalar R^R^ U 



R i i V R ilv — 
4w 



ba 4 



(2uj 2 + 4uj + 3)b 2 a 4 



(w + 1) 2 [ a 2 r 2( p )]w£h 2(uj+ l) A [a 2 r 2 {p)pir 
(w-1) Sk X 2 m a 4 (uj 2 + 2uj + 2) kx^ba 4 



(<" + !) 2 [a 2 r 2 (p)]Srf (w + l) 4 [ a ^r 2 (p)}^h 

(oj 2 + 2u + i) k 2 X ta 4 



(c^ + 1) 4 [oPr*(j>)Y 



12a 4 



(23) 



This scalar does not diverge for any value of p (if u> > 
— 1). Therefore, spacetime ( pl|) has no curvature singu- 
larities. However, it has a conic geometry with a conical 
singularity at p = 0. In fact, in the vicinity of p = 0, 
metric (Gfi) is written as 



ds l 



-a 2 r\dt 2 + dp 2 + (ar+v)- 1 p 2 dL P 2 , (24) 



ar + 



with v given by 

b(ar + ) 



ar + 



2(w+l) oj + l 



(ar + )~ 



(25) 



So, there is indeed a conical singularity at p = since 
as the radius p tends to zero, the limit of the ratio "cir- 
cumference/radius" is not 2ir. The period of coordinate 
(f associated with this conical singularity is 



Period,, 



2tt 



lim — 

p^O p 



9PP 



2-KV . 



(26) 



From (|24|)-(|26|) one concludes that in the vicinity of the 
origin, metric (^) describes a spacetime which is locally 
flat but has a conical singularity with an angle deficit 
Sip = 2vr(l - v). 

Before closing this case, one should mention the par- 
ticular u> — case of Brans-Dicke theory since this theory 
is related (through dimensional reduction) to 4D General 
Relativity with one Killing vector studied in EcJ . 



(ii) Brans-Dicke theory with lu = ±oo 

The Brans-Dicke theory defined by w = ±oo reduces 
to the spacetime generated by a static magnetic point 
source in 3D Einstein-Maxwell theory with A < studied 
in detail in pj|, [^2|-|34 . The behavior of this spacetime 
is quite similar to those described in case (i). It has a 



conical singularity at the origin and no horizons. 



(iii) Brans-Dicke theories with — oo < uj < —2 

For this range of the Brans-Dicke parameter we have 
to consider separately the case (1) b > and (2) b < 0, 
where b is the mass parameter. 

(1) If b > the shape of the e 2fJ/ ^ function is drawn in 
Fig. 1(b). Both g rr and g vv are always positive (except 
at r = 0) and there is no apparent change of signature. 
Hence, for this range of parameters, the spacetime is cor- 
rectly described by equations (||) and (|l6). There are no 
horizons and so no magnetic black holes, but at r = the 
scalar R^ V R^ V diverges (in equation (J2^) put r + = and 
replace p by r). Therefore, at r ~ one has the presence 
of a naked curvature singularity. 

(2) If b < the shape of the e 2 ^ funct ion defined 
in ( pf ) is sketched in Fig. 1(c). There occurs an ap- 
parent change of signature for < r < r + . Proceeding 
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exactly as we did in case (i) one can however introduce 
the new radial coordinate p defined in (|2(i| ) and obtain 
the geodesically complete spacetime described by 
and (HH) (where now uj < —2). This spacetime has no 
horizons and the scalar R llv R ,lv given by (E3T) does not 



diverge for any value of p and so no curvature singulari- 
ties are present. The spacetime has a conical singularity 
at p = corresponding to an angle deficit Sep = 2w(l — i/), 
where v is defined in (25). 



(iv) Brans-Dicke theory with u — —2 

The shape of the e 2 ^ r ^ function is drawn in Fig. 2(a). 
There is an apparent change of signature for r > r+, 
where r + is the zero of e 2 ^ r \ We can however introduce 
a new coordinate system that will allow us to conclude 
that the spacetime is complete for < r < r + . First, 
we introduce the radial coordinate R — X/r. With this 
new coordinate [gRR(R)}^ 1 has a shape similar to the one 
shown in Fig. 1(a). Finally, we set a second coordinate 
transformation given by p 2 = R 2 — R 2 ,, where i?+ = 
l/r + is the zero of {qrr) ■ Use of these coordinate 
transformations, together with equations (||) and (17), 
allows us to write the spacetime generated by the static 
magnetic point source as 

dp 2 + ^ V > (27) 
or 



ds 2 = 



R 2 (p) 



d,t 2 



1 



[R?{p)f h(p) 



where < p < oo and the function h(p) is given by 

h{p)=(l+*f\n[R 2 {p)]^R- 2 {p)-bR-\p). (28) 

This function h(p) is always positive except at p = 
where it is zero. Hence, the spacetime described by 
equa tion ( |27| ) and ( fj8| ) has no horizon. Along this sec- 
tion [iIIB, in cases (iv)-(vii) we will use the definition 
R 2 (p) = p 2 + R\ in order to shorten the formulas. 
The scalar R^R^ is given by 



RuuR^ = xt 



dn 2 [i?(p)] + - ln[R(p)] + 9 



-8- 



6m[i?(p)] 
32 



41n[i?(p)] 



R(p) R(p) 



G 



(29) 



R(p) R 2 (p) 

This scalar diverges for p = +oo and so there is a cur- 
vature singularity at p — +oo. Besides, the spacetime 
described by (^Tj) and (^8|) has a conical singularity at 
p = with coordinate ip having a period defined in equa- 
tion (12T 



Period,, 



2tt 



Xn 



1 



^lnr+jj .(30) 
"8|) describe a space- 



b 

8 * ' 2~ 

So, near the origin, metric (|2?j) and (| 

time which is locally flat but has a conical singularity at 
p = with an angle deficit Sip = 2tt — Period^,. 



(v) Brans-Dicke theories with —2 < uj < —3/2 

For this range of the Brans-Dicke parameter we have 
again to consider separately the case (1) b > and (2) 
b < 0, where b is the mass parameter. 

(1) If b > the shape of the e 2 ^^ function defined 
in (Rq) is similar to the one of case (iv) and sketched in 
Fig. 2(a). So, proceeding as in case (iv), we find that the 
spacetime generated by the static magnetic point source 
is given by (E7|) with function h(p) defined by 



h(p)-- 



q,2 \ 2(^ + 1) 

R 2 (p) '"\Wp)J 



( a 2 



\R 2 {p) 



,(31) 



which is always positive except at p = where it is zero. 
Hence, the spacetime described by equations (|7|) and 
( |3l| ) has no horizons. 

The scalar is given by Q23) as long as we re- 

place function r 2 {p) by R~ 2 {p) = (/r + R 2 ,)^ 1 , There is 
a curvature singularity at p = +00. 

Near the origin, equations (^7|) and ( |3l| ) describe a 
spacetime which is locally flat but has a conical singu- 
larity at p = with an angle deficit Sip = 2ix — Period^,, 



with Period^ defined in equation (Eg 



Period^ = 



2tt 



(XTa 



b(ar + ) «tt k X 2 m 
2(w+l) w + 1 



(ar + Y 



i±ii 

1+1 



(32) 



(2) If b < the e 2 ^ function can have a shape similar 
to the one sketched in Fig. 2(b) or similar to Fig. 2(c), 
depending on the values of the range. We will not proceed 
further with the study of this case since it has a rather 
exotic spacetime structure. 



(vi) Brans-Dicke theory with u = —3/2 

The shape of the e 2 ^^ function defined in (|l^) is sim- 
ilar to the one of case (iv) and sketched in Fig. 2(a). So, 
proceeding as in case (iv), we conclude that the space- 
time generated by the static magnetic point source is 
given by ( ^7|) with function h(p) defined by 

h(p) = R- 2 (p) (± Hb- 2 R 2 (p)} - xlR- 2 {p)) , (33) 

which is always positive except at p = where it is zero. 
Hence, the spacetime described by equations (|7|) and 
( |33| ) has no horizons. 
The scalar R^R^ is 



R^ V R^ = A 2 [l21n 2 [«?(p)] + 201n[«?(p)] + 9] 



5hi[bR(p)] 



+ ^xiR 4 (p) 



(34) 



There is a curvature singularity at p = +00. 
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Near the origin, equations (^7|) and ( |33| ) describe a 
spacetime which is locally flat but has a conical singu- 
larity at p = with an angle deficit Sip — 2tt — Period^, , 
with Period^ defined in equation (p6|), 



(i) Brans-Dicke theories with —1<uj< +oc 



Using the two useful relations gtt9<ptp = ~P 2 1 9pp an d 
= [p 2 /(p 2 + 7 + )](a 2 g P p) -1 , we can write equation 



Period,, 



2tt 



A 



2 2 



(35) 



2 -2 
P P 



E 2 



a 2 p 2 + r 2 j_ 



P , T 2 

1- L g tt 

9pp 



(38) 



(vii) Brans-Dicke theories with —3/2 < u> < —1 

The shape of the e 2fi ^ function is sketched in Fig. 
2(a) and is similar to the one of case (iv). So, proceed- 
ing as in case (iv) , we find that the spacetime generated 
by the static magnetic point source is given by ( p7| ) with 
function h(p) defined by (|3l]). There are no horizons and 
there is no curvature singularity [the scalar R^ U R^ V is 



given by (|23| ) if we replace function r 2 {p) by R~ 2 (p)]. 
The spacetime has a conical singularity at p = corre- 
sponding to an angle deficit Sip — 2n — Period^, where 
Period^ is defined in (liF" 



Geodesic structure 



We want to confirm that the spacetimes described by 
(|J) , (|2|) and ( |27| ) are both null and timelike geodesically 
complete. The equations governing the geodesies can be 
derived from the Lagrangian 



C 



1 dx» dx v 6 
~2 ' 



2 9ilv dr dr 



(36) 



Noticing that l/3pp is always positive for p > and zero 
for p — 0, and that gtt < we conclude the following 
about the null geodesic motion ((5 = 0). The first term in 
d38| ) is positive (except at p — where it vanishes) , while 
the second term is always negative. We can then conclude 
that spiraling (L 7^ 0) null particles coming in from an 
arbitrary point are scattered at the turning point p tp > 
and spiral back to infinity. If the angular momentum L 
of the null particle is zero it hits the origin (where there 
is a conical singularity) with vanishing velocity. 

Now we analyze the timelike geodesies (S = +1). 
Timelike geodesic motion is possible only if the energy 
of the particle satisfies E > ar + . In this case, spiral- 
ing timelike particles are bounded between two turning 

points that satisfy pf p > and p\ p < E 2 /a 2 — r\, 

with pk p > /9j?p. When the timelike particle has no angu- 
lar momentum (L = 0) there is a turning point located 

exactly at p\ v = J ' E 2 /a 2 — r\ and it hits the origin 
p = 0. Hence, we confirm that the spacetime described 



by equation (|2lj) is both timelike and null geodesically 
complete. 



where r is an affine parameter along the geodesic which, 
for a timelike geodesic, can be identified with the proper 
time of the particle along the geodesic. For a null 
geodesic one has S = and for a timelike geodesic S = +1. 
From the Euler-Lagrange equations one gets that the 
generalized momentums associated with the time coor- 
dinate and angular coordinate are constants: pt = E and 
p v = L. The constant E is related to the timelike Killing 
vector (d/dt) 11 which reflects the time translation invari- 
ance of the metric, while the constant L is associated to 
the spacelike Killing vector (9/<9<p) M which reflects the 
invariance of the metric under rotation. Note that since 
the spacetime is not asymptotically flat, the constants E 
and L cannot be interpreted as the energy and angular 
momentum at infinity. 

From the metric we can derive the radial geodesic, 



. 2 = 1 E 2 g vv + L 2 g tt _ _S_ 

g PP gttg w g PP 



(37) 



Next, we analyse this geodesic equation for each of the 
seven cases defined in the last section. Cases (i), (ii) and 
(iii) have identical geodesic structure, and cases (iv)- 
(vii) also. 



(ii) Brans-Dicke theory with uj = ±00 

The geodesic structure of the spacetime generated by 
a static magnetic point source in 3D Einstein-Maxwell 
theory with A < has been studied in detail in |34| . The 
behavior of this geodesic structure is quite similar to the 
one described in case (i). In particular, the spacetime is 
both timelike and null geodesically complete. 



(iii) Brans-Dicke theories with —00 < uj < —2 

For this range of the Brans-Dicke parameter we have 
to consider separately the case (1) b > and (2) b < 0, 
where b is the mass parameter. 

(1) If b > the motion of null and timelike geodesies 
is correctly described by equation ( [38| ) if we replace p by 
r and put r + = 0. Hence, the null and timelike geodesic 
motion has the same feature as the one described in the 
above case (i). In the above statements we just have to 
replace p by r, put r + = and remember that at the 
origin there is now a naked curvature singularity rather 
than a conical singularity. 
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(2) If b < the motion of null and timelike geodesies is 
exactly described by ([38]) and the statements presented 
in case (i) apply directly to this case. 



The 1-form electromagnetic vector potential, A 



A ll (p)dx^ 1 , of the rotating solution is 



.4 



-wA(p)dt + r )A{p)duo , 



(42) 



(iv), (v), (vi), (vii) Brans-Dicke theories with 
-2 < oj < -1 

In order to study the geodesic motion of space- 
time described by equations (§7h, one first notices that 

gttg vv = -[g PP (p 2 + RXf/p 2 ]' 1 and g vv = {pIJXp 2 + 

R+) \ }{a 2 g pp) _1 • Hence we can write equation ( p7| ) as 



2 -2 
P P = 



E' 1 



1 



a 2 p 2 



-5 



^ + (P 2 

9pp 



R\fL 2 g tt . (39) 



One concludes that the geodesic motion of null and time- 
like particles has the same feature as the one described 
in case (i) after pi ) if in the statements we replace r + 
by The only difference is that on p = +oo there 

is now a curvature singularity for cases (iv) oj = —2, 
(v) -2 < oj < -3/2 and (vi) oj = -3/2. In case (v) 
— 2 < oj < —3/2, if b < (as we saw in last section) the 
spacetime has an exotic structure and so we do not study 
it. 

So, we confirm that the spacetimes described by equa- 
tions (^7|) are also both timelike and null geodesically 
complete. 



where 
A{ P ) 



4a 2 



Xm (^ + l)[aV+4)pWT) . (43) 



(ii) Brans-Dicke theory with uj = ±oo 

The spacetime generated by a rotating magnetic point 
source in 3D Einstein-Maxwell theory with A < has 
been obtained and studied in detail in |34|. 



(iii) Brans-Dicke theories with oj < — 2 

Proceeding exactly as in case (i), we conclude that the 
gravitational and electromagnetic fields generated by the 
rotating magnetic source are also described by equations 
©-©. 

If b > we have to set r + = in equations (Ell) and 



(iv) Brans-Dicke theory with — oo < oj < —2 



IV. THE GENERAL ROTATING SOLUTION 

A. The generating technique 

Now, we want to endow our spacetime solution with a 
global rotation, i.e., we want to add angular momentum 
to the spacetime. In order to do so we perform the fol- 
lowing rotation boost in the t-cp plane (see e.g. p7|-[[30|, 
@) 



t 



it 2<P- 

or 



* 2 
Ujt . 



(40) 



where 7 and w are constant parameters. 



(i) Brans-Dicke theories with —1<oj< +00 

Use of equation pp| ) and ( f2l| ) gives the gravitational 
field generated by the rotating magnetic source 



Use of equations fl40|) and ( |27| ) yields the gravitational 
field generated by the rotating magnetic source 



ds 2 = - 



+ 



(p 2 + R\ 
P 2 1 



(7* -duo) 2 + 



{P 2 + R\f h{p) 



or 

dp 2 + hdif - wdt) 2 , (44) 



where h(p) is defined in (p8[). 

The 1-form vector potential is also given by (42) but 
now one has 

MP) = -Axm(^ + l)[a~V + R 2 +)}™ ■ (45) 



(v) Brans-Dicke theories with —2 < oj < —3/2 

If b > 0, the gravitational and electromagnetic fields 
generated by the rotating magnetic source are described 
by equations Q) and (p|), with h(p) defined in (Ell). 



ds 2 = -a 2 (p 2 + r 2 + ){~/dt - ^dip) 2 + 

or 

P 2 1 , 2 , f(p) 



(p 2 + r 2 + )f(p) 



dp + '-^-{idy - mdty , (41) 



where f(p) is defined in (p2|) 



(vi) Brans-Dicke theory with oj = —3/2 

The gravitational and electromagnetic fields generated 
by the rotating magnetic source are described by equa- 
tions (EJ) and (ph, with h{p) defined in ph. 
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(vii) Brans-Dicke theories with —3/2 < u> < —1 

The gravitational and electromagnetic fields generated 
by the rotating magnetic source are described by equa- 
tions Q and @, with h(p) defined in @. 

In equations (pd|), ( |42| ) and we choose j 2 — 

w 2 1 'a 2 = 1 because in this way when the angular mo- 
mentum vanishes (w = 0) we have 7 = 1 and so we 
recover the static solution. 

Solutions (|4l|)-(|45|) represent magnetically charged sta- 
tionary spacetimes and also solve (|l|). Analyzing the 
Einstein- Rosen bridge of the static solution one concludes 
that spacetime is not simply connected which implies 
that the first Betti number of the manifold is one, i.e., 
closed curves encircling the horizon cannot be shrunk to 
a point. So, transformations (fH] ) generate a new metric 
because they are not permitted global coordinate trans- 
formations [[43) . Transformations (40) can be done lo- 
cally, but not globally. Therefore metrics (^l]), and 
(fjd])-(|45|) can be locally mapped into each other but not 
globally, and such they are distinct. 



B. Mass, angular momentum and charge of the 
solutions 



+At / dpA t v 



^fe' 2 %E p 



B. 



(47) 



where N 



(with tt pv being 



N° _ = _ p _ fH 3 (N*). 
f ' " — n V ~ 2W< 

the momentum conjugate to g pv ), E p and B are the elec- 
tric and magnetic fields and B is a boundary term. The 
factor v [defined in (]25|)] comes from the fact that, due 
to the angle deficit, the integration over ip is between 
and 2-kv. Upon varying the action with respect to f(p), 
H(p), n(p), 4>{p) and E p (p) one picks up additional sur- 
face terms. Indeed, 



5S=-AtNv {H tP - 2H4) iP )e~ 2ct >6f 2 - {f^^e'^SH 
-AfHe-^S^p) + 2f 2 e- 2 H{H tP ) 
+2^[(/ 2 ), p + 4(^ + l)/ 2 0, p ]e- 2 ^ 



-AtA t v 



2e- 2<t> Sn - Ane~ 



■24,1 



AH 

T' 



-z<l>SE p 



SB 



-(terms vanishing when equations of motion hold). 

(48) 



As we shall see the spacetime solutions describing the 
cases (i) — 1 < u < +00, (ii) u = ±00 and (iii) 
—00 < uj < — 2 are asymptotically anti-de Sitter. This 
fact allows us to calculate the mass, angular momentum 
and the electric charge of the static and rotating solu- 
tions. To obtain these quantities we apply the formalism 
of Regge and Teitelboim @ (see also |1, pl-pl). 



(i) Brans-Dicke theories with — 1 < u < +00 



We first write (41) in the canonical form involving the 
lapse function A u (p) and the shift function N v (p) 

ds 2 = -(N°) 2 dt 2 + ^- + H 2 (dv + N^dt) 2 , (46) 
J 

where f~ 2 = g pp , H 2 = g vv , H 2 N* = g ttp and (A ) 2 - 
H 2 (N V ) 2 — g u - Then, the action can be written in the 
Hamiltonian form as a function of the energy constraint 
Ti., momentum constraint TL V and Gauss constraint G 

S=- - / dtd 2 x[N°H + N^U^ + A t G] + B 
'2K 2 er 2 ^ 



=-At I dpNv 



H 3 



-4f 2 (H^ p e~ 2 *), p 



-2110 Jf 2 )^ + 2f(fH, p ), p e- 2 * 



-AluH/ 2 
-At I dpN^v 



p fe- 2 ^ - AHer 2 * + ^- e -^(E 2 



B 2 ) 



{2Tre- 2 *) +—e- 2 *E p B 



In order that the Hamilton's equations are satisfied, the 
boundary term B has to be adjusted so that it cancels 
the above additional surface terms. More specifically one 
has 



SB 



-AtNSM + AtN v SJ + AtAtSQc 



(49) 



where one identifies M as the mass, J as the angular 
momentum and Q c as the electric charge since they are 
the terms conjugate to the asymptotic values of N, N v 
and A t , respectively. 

To determine the mass, the angular momentum and 
the electric charge of the solutions one must take the 
spacetime that we have obtained and subtract the back- 
ground reference spacetime contribution, i.e., we choose 
the energy zero point in such a way that the mass, an- 
gular momentum and charge vanish when the matter is 
not present. 

Now, note that for ui > — 1 (and u> < —2), spacetime 
( p| ) has an asymptotic metric given by 
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a 2 p 2 dt 2 



dp 2 
a 2 p 2 



+ 7 



p 2 dy 2 , (50) 



where j 2 — w 2 jo? — 1 so, it is asymptotically an anti- 
de Sitter spacetime. For oj > — 1 (and u> < —2) the 
anti-de Sitter spacetime is also the background reference 
spacetime, since the metric (^) reduces to ([30j) if the 
matter is not present (b = and Xm — 0). 

Taking the subtraction of the background reference 
spacetime into account and noting that <p — </> ro f = 



and that 



/,rof 



we have that the mass, angular 



9 



momentum and electric charge are given by 

M = ^[(2i/0, p -ff p )e- 2 ^(/ 2 -/2 f ) 

+ {f)^(H - H Ie{ ) - 2/ 2 e- 2 *(ff p - H'f)] , 



Qc 



4H 



-2,p 



rcf / 



(51) 



Then, we finally have that the mass and angular momen- 
tum are (after taking the asymptotic limit, p — > +oo) 



M 



bv 



7 



uj + 2 ru 2 



uj + 1 a 2 



T jw , 2uj + 3 . 

J = -^-OU — - +DlVj(Xm,P) 

cr uj + 1 



+ Div M (Xm,p), (52) 
(53) 



where DivM(XmjP) and Divj(x m ,p) are terms propor- 
tional to the magnetic source Xm that diverge as p — > 
+oo. The presence of these kind of divergences in the 
mass and angular momentum is a usual feature present 
in charged solutions. They can be found for example in 
the electrically charged point source solution |9j, in the 
electric counterpart of the BTZ black hole ]24j |, in the 
pure electric black holes of 3D Brans-Dicke action |2q| 
and in the magnetic counterpart of the BTZ solution [ p4| . 
Following H |24) (see also j28[ the divergences on the 
mass can be treated as follows. One considers a boundary 
of large radius po involving the system. Then, one sums 
and subtracts DivM(Xm, Po) to ( p2| ) so that the mass d5^) 
is now written as 

M = M(p ) + [Div M (Xm,p) - Div M (x m ,Po)] , (54) 



where M(p ) = M + Div M (Xm,Po), i-e., 

M = M(po) - Div M (xm, Po) • 



(55) 



The term between brackets in ([34]) vanishes when p — > pq. 
Then M(po) is the energy within the radius po- The dif- 
ference between M(po) and Mo is — DivM(Xm, Po) which 
is interpreted as the electromagnetic energy outside po 
apart from an infinite constant which is absorbed in 
M(po). The sum ( |55"| ) is then independent of po, finite 
and equal to the total mass. In practice the treatment of 
the mass divergence amounts to forgetting about po and 
take as zero the asymptotic limit: limDivM(Xm: p) = 0. 

To handle the angular momentum divergence, one first 
notices that the asymptotic limit of the angular momen- 
tum per unit mass (J/M) is either zero or one, so the 
angular momentum diverges at a rate slower or equal to 
the rate of the mass divergence. The divergence on the 
angular momentum can then be treated in a similar way 
as the mass divergence. So, one can again consider a 
boundary of large radius po involving the system. Fol- 
lowing the procedure applied for the mass divergence one 
concludes that the divergent term — Divj(x m , Po) can be 
interpreted as the electromagnetic angular momentum 
outside po up to an infinite constant that is absorbed in 
J(po). 



Hence, in practice the treatment of both the mass and 
angular divergences amounts to forgetting about po and 
take as zero the asymptotic limits : limDivM(Xm, p) = 
and limDivj(xm, p) = in © and (||). 

Now, we calculate the electric charge of the solu- 
tions. To determine the electric field we must consider 
the projections of the Maxwell field on spatial hyper- 
surfaces. The normal to such hypersurfaces is n v = 
(1/N°,0, -N'f/N ) and the electric field is given by 
w = g ^F av n 
is 



Then, from fl5l|), the electric charge 



N° 



N*d p A v ) 



w 



(56) 



Note that the electric charge is proportional to T&Xm- ln 
section [v] we will propose a physical interpretation for 
the origin of the magnetic field source and discuss the 
result obtained in (pq). 

The mass, angular momentum and electric charge of 
the static solutions can be obtained by putting 7 = 1 
and zu = on the above expressions [see 



(ii) Brans-Dicke theory with ui = ±00 

The mass, angular momentum and electric charge of 
the spacetime generated by a magnetic point source in 
3D Einstein-Maxwell theory with A < have been cal- 
culated in |34j . Both the static and rotating solutions 
have negative mass and there is an upper bound for the 
intensity of the magnetic source and for the value of the 
angular momentum. 



(iii) Brans-Dicke theories with —00 < uj < —2 

The mass, angular momentum and electric charge of 
the uj < — 2 solutions are also given by (|52|), ( ^3| ) and 
(|56|) , respectively. If b < the factor v is defined in fl25| ) 
and if b > one has v = 1. 

For — 2 < uj < — 1 [cases (iv)-(vii)], the asymptotic 
and background reference spacetimes have a very pecu- 
liar form. In particular, they are not an anti-de Sitter 
spacetime. Therefore, there are no conserved quantities 
for these solutions. 



C. The rotating magnetic solution in final form 

For cases (i) —1 < uj < +00, (ii) uj = ±00 and (iii) 

— oo<c<j<— 2 we may cast the metric in terms of M, J 
and Q c . 



(i) Brans-Dicke theories with —1<uj< +00 

Use of (^) and ([33|) allows us to solve a quadratic 
equation for 7 2 and rxP/a 2 . It gives two distinct sets of 
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solutions 

2 _ M(2 - fi) 



1 Mfi 



r 



7 



2^6 



Mfi 



a 2 2(w + 2) ' 



w + l M(2-fi) 



2i/6 ' a 2 2{iv + 2) vb 
where we have defined a rotating parameter fi as 



(57) 



(58) 



" =1 "V (2c + 3)2 M 2 ■ (59) 

When we take J = (which implies fi = 0), (|57j) gives 
7^0 and zu — while (|5^) gives the nonphysical so- 
lution 7 = and tu ^ which does not reduce to the 
static original metric. Therefore we will study the solu- 
tions found from (p7|). 

For u> > — 1 (and uj < —2), the condition that fi re- 
mains real imposes a restriction on the allowed values of 



the angular momentum 



\aJ\ < 



|2w + 3|M 



2^/(^ + 1)^ + 2) 



(60) 



The parameter fi ranges between < fi < 1. The 
condition j 2 — m 2 /a 2 = 1 fixes the value of b as a function 

of M,Q,,Xm, 



b=™ 
v 



i-i^o 

2(cj + 2) 



(61) 



where 



2( W +1)K)-+M 1-^ 



2{uj + l)(ar+)— + 2fc X 2 n (ar+) =+r 



(62) 



The gravitational field (41) generated by the rotating 
point source may now be cast in the form 



ds 2 = 



2/2 i 2> UJ + 1 



Mfi/i/ 



(uj + 1) 2 Q 2 Jv 2 



2(W + 2) [ a 2( p 2 + r 2^)]2(I3TT7 8(CJ + 2) [ a 2( p 2 + 



W + 1 J 

277+3 z7 



-' 2 (p 2 + r 2 )] 5I=TTJ 



(w + i)q; 



c,j (p 2 + 4)1^ 



4Affi^ 



P 2 /(P 2 +'1) 



0,2(^2 +r 2 \ + Af l-2(^+3)n/[2(^+2)] 



dp 2 



2dtdip 



a- 



2, 2^ 2x , M(2-fi)/(2i/ 
a (p +r + ) + 



Q 2( p 2 +r 2)] 2(^ + 1) [a 2 (p 2 +r 2 )]- + i 

(w + 2)(2-n) 



[ a 2( p 2 + r 2j]2T^TT 2(W + 2) - (2W + 3)0 [ a 2( p 2 + r 2_)]^T 



# 2 , 



with < p < oo and the electromagnetic field generated by the rotating point source can be written as 



A = 



A(p) 



^2(^ + 2) - (2u + 3)n 



- ay/(uj + l)fi dt + y/(u + 2) (2 - fi) dtp 



(63) 



(64) 



with A(p) defined in @. 

The static solution can be obtained by putting fi = (and thus J = and Q c = 0) on the above expression [see 
©]• ! 



(ii) Brans-Dicke theory with uj — ±oo 



(iii) Brans-Dicke theories with — oo < uj < —2 



The spacetime generated by a rotating magnetic point 
source in 3D Einstein-Maxwell theory with A < is writ- 
ten as a function of its hairs in 103. 



For this range of uj, the gravitational and electromag- 
netic fields generated by a rotating magnetic point source 
are also given by ( |63| ) and (Q). If b < the factor v is 
defined in (|62|) and if b > one has v = 1. 
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D. Geodesic structure 

The geodesic structure of the rotating spacet ime is sim- 
ilar to the static spacetime (see section III C| ) , although 
there are now direct (corotating with L > 0) and retro- 
grade (counter-rotating with L < 0) orbits. The most 
important result that spacetime is geodesically complete 
still holds for the stationary spacetime. 



V. 



PHYSICAL INTERPRETATION OF THE 
MAGNETIC SOURCE 



When we look back to the electric charge given in (56), 
we see that it is zero when w = 0, i.e., when the angular 
momentum J of the spacetime vanishes. This is expected 
since in the static solution we have imposed that the 
electric field is zero (-F12 is the only non-null component 
of the Maxwell tensor). 

Still missing is a physical interpretation for the origin 
of the magnetic field source. The magnetic field source is 
not a Nielson-Oleson vortex solution since we are work- 
ing with the Maxwell theory and not with an Abelian- 
Higgs model. We might then think that the magnetic 
field is produced by a Dirac point-like monopole. How- 
ever, this is not also the case since a Dirac monopole with 
strength g m appears when one breaks the Bianchi identity 



|5J, yielding d fl (^/^gF^ e - 2 ' t ') = g m S 2 (x) (where = 
is the dual of the Maxwell field strength), 
whereas in this work we have that ^(V^S^e" 2 ^) = 0. 
Indeed, we are clearly dealing with the Maxwell theory 
which satisfies Maxwell equations and the Bianchi iden- 
tity 




(65) 
(66) 



respectively. In (|65| ) we have made use of the fact that the 
general relativistic current density is X/s/—g times the 
special relativistic current density j M = ^ qS 2 (x — xo)x^. 

We then propose that the magnetic field source can be 
interpreted as composed by a system of two symmetric 
and superposed electric charges (each with strength q). 
One of the electric charges is at rest with positive charge 
(say), and the other is spinning with an angular veloc- 
ity ipo and negative electric charge. Clearly, this system 
produces no electric field since the total electric charge 
is zero and the magnetic field is produced by the angu- 
lar electric current. To confirm our interpretation, we go 
back to Eq. ( |65| ) . In our solution, the only non- vanishing 
component of the Maxwell field is F vp which implies that 
only j v is not zero. According to our interpretation one 



has j v = q5 (x — xo)ip, which one inserts in Eq. (65) 
Finally, integrating over p and ip we have 



Xm oc qipo 



(67) 



So, the magnetic source strength, Xm, can be interpreted 
as an electric charge times its spinning velocity. 

Looking again to the electric charge given in (|5^) , one 
sees that after applying the rotation boost in the t-ip 
plane to endow the initial static spacetime with angular 
momentum, there appears a net electric charge. This 
result was already expected since now, besides the scalar 
magnetic field (F oy 7^ 0), there is also an electric field 
(Ftp 7^ 0) [see (§)]. A physical interpretation for the 
appearance of the net electric charge is now needed. To 
do so, we return to the static spacetime. In this static 
spacetime there is a static positive charge and a spinning 
negative charge of equal strength at the center. The net 
charge is then zero. Therefore, an observer at rest (S) 
sees a density of positive charges at rest which is equal to 
the density of negative charges that are spinning. Now, 
we perform a local rotational boost t' — jt— (zu/a 2 )tp and 
ip' = 7</?— vat to an observer (S") in the static spacetime, 
so that S' is moving relatively to S. This means that S' 
sees a different charge density since a density is a charge 
over an area and this area suffers a Lorentz contraction 
in the direction of the boost. Hence, the two sets of 
charge distributions that had symmetric charge densities 
in the frame S will not have charge densities with equal 
magnitude in the frame S'. Consequently, the charge 
densities will not cancel each other in the frame S' and a 
net electric charge appears. This was done locally. When 
we turn into the global rotational Lorentz boost of Eqs. 
( [lo| ) this interpretation still holds. The local analysis 
above is similar to the one that occurs when one has 
a copper wire with an electric current and we apply a 
translation Lorentz boost to the wire: first, there is only 
a magnetic field but, after the Lorentz boost, one also 
has an electric field. The difference is that in the present 
situation the Lorentz boost is a rotational one and not a 
translational one. 



VI. CONCLUSIONS 

We have added the Maxwell term to the action of a gen- 
eralized 3D dilaton gravity specified by the Brans-Dickc 
parameter uj introduced in p(| . For the static spacetime 
the electric and magnetic fields cannot be simultaneously 
non-zero, i.e. there is no static dyonic solution. Pure elec- 
trically charged solutions of the theory have been studied 
in detail in p8[ . 

In this work we have found geodesically complete 
spacetimes generated by static and rotating magnetic 
point sources. These spacetimes are horizonless and 
many of them have a conical singularity at the origin. 
These features are common in spacetimes generated by 
point sources in 3D gravity theories The static 

solution generates a scalar magnetic field while the rotat- 
ing solution produces, in addition, a radial electric field. 
The source for the magnetic field can be interpreted as 
composed by a system of two symmetric and superposed 
electric charges. One of the electric charges is at rest and 
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the other is spinning. This system produces no electric 
field since the total electric charge is zero and the scalar 
magnetic field is produced by the angular electric cur- 
rent. When we apply a rotational Lorentz boost to add 
angular momentum to the spacetime, there appears a net 
electric charge and a radial electric field. 

For lo — ±00 our solution reduces to the magnetic 
counterpart of the BTZ solution, i.e, to the spacetime 
generated by a magnetic point source in 3D Einstein- 
Maxwell theory with A < analysed in f||, &S 
The solutions corresponding to the theories described 
by a Brans-Dicke parameter that belongs to the range 
— 1 < lo < +00 or —00 < lo < —2 have a behavior quite 
similar to the magnetic counterpart of the BTZ solution. 
For this range of the Brans-Dicke parameter, the solu- 
tions are asymptotically anti-de Sitter. This allowed us 
to calculate the mass, angular momentum and charge of 
the solutions. The presence of divergences at spatial in- 
finity in the conserved quantities is an usual feature in 
electric solutions §, || || ||. 

The relation between spacetimes generated by point 
sources in 3D and cylindrically symmetric 4D solutions 
has been noticed by many authors (see e.g. 0, [?], [2^, [2S| , 
plot). The lo = solution considered in this paper is the 
3D counterpart of the 4D longitudinal magnetic string 
source found in Jic|| . Indeed, the dimensional reduction 
of 4D general relativity with one Killing vector yields 
the u> = case of Brans-Dicke theory. Further working 
relating 4D solutions with 3D solutions has been done 
in [[l6| where the two well known families of 4D black 
holes (i.e., the toroidal charged rotating anti-de Sitter 
black holes, and the Kerr-Newman-anti-de Sitter black 
holes) are analized and the interpretation of the fields 
and charges in terms of the three-dimensional point of 
view is given. 

This paper closes our program of studying theories of 
the Brans-Dicke type in 3D initiated in [£9| and |2(| and 
continued in Wf\ and l|28|. 
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FIG. 1: General shape of e 2fl(r) for: (a) Case (i) u > -1 
and case (ii) lo — ±00 ; (b) Case (iii) lo < —2 and b > 0; (c) 
Case (iii) lo < —2 and 6 < 0. 






FIG. 2: General shape of e 2M(r) for the values: (a) (iv) lo = 
-2, (v) -2 < lo < -3/2, b > 0, (vi) lo = -3/2, (vii) -3/2 < 
lo < —1; (b) some values of the range (v) (—2 < lo < —3/2, 
b < 0); (c) some values of the range (v) (—2 < lo < —3/2, 
b<0). 



Brans-Dicke parameter lo and with the mass parameter 
b. However, we can form a small number of seven cases 
for which the e 2 ^ r ' function and the spacetime structure 
has the same behavior. These seven cases are analysed 
in the text and the corresponding figures describing the 
respective shape of the e 2 ^^ function are as follows, 

(i) -1< lo < +00 — > Fig. 1(a); 

(ii) to — ±00 — > Fig. 1(a); 

(iii) -co < lo < —2 : 

if b > — ► Fig. 1(b), 
if b< — ► Fig. 1(c); 

(iv) lo = -2 — > Fig. 2(a); 

(v) -2 < lo < -3/2 : 



if b > — ► Fig. 
if b < — ► Fig. 
values; 

(vi) lo = -3/2 — > 

(vii) -3/2 < lo < - 



2(a), 

2(b) or Fig. 2(c) depending on the 



Fig. 2(a) 
-1 — > Fig. 2(a). 
From the analysis of Fig. 1 and Fig. 2, we see clearly 
that for the range (lo < —2, b > 0) the function e 2 ^^ is 
always positive while for some values of the range (—2 < 
lo < —3/2, b < 0) the function e 2 ^ r ) is always negative. 
For the other ranges of (lo, b), the e 2fi ^ function can take 
positive or negative values depending on the value of the 
coordinate r. When e 2t2 ^ is negative, the spacetimes 
suffer an apparent change of signature from +1 to —3 
(see section IIIB). 



APPENDIX A; 



GENERAL SHAPE OF e 2fl(r) 
FUNCTION 



In this appendix we study the radial dependence of 
the e 2At ( r ) function defined in equations jl^)-(|T^). The 
qualitative shape of the e 2 ^ r ^ function varies with the 
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